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SUMMAR Y
Curvedbeamsincivilengineeringapplicationscallforout-of-planebendingandtorsionundertheactionof
out-of-planetransverseshearloads.Thedesignof aquadraticdisplacementcurved beamelementcapableof
representingsheardefo~m~tionas in theTir:nos~enko?eamtheoryrequ!resspecialattentionto themanner
inwhichthe shearstramIS represented.Field-mconsistentrepresentatIOnsof the out-of-planetransverse
shearstrain will resultin a loss of efficiencyand introducespuriousoscillations in tht;;bending moment,
torsionalmoment andshear force.The optimal field-consistentassumedstrain interpolationfor shearis
derivedandit is demonstratedtopossesveryhighaccuracywhichisfreefromspuriousforceandmoment
oscillations.
INTRODUCTION
Moststudies1-4 ontheformulationfcurvedbeamelementsrelateto in-planebendingand
describemainlythefield-consistencyrequirementsformembranestrainsandshearstrainsand
howmembraneandshearlockingand variouscombinationsof violentstressoscillations
originateif theseconditionsareviolated.Theapplicationoftheconsistencyparadigmtoredesign
theassumedstrainfieldscorrectlysuchthatthesedeficienciesvanishis straightforward.
Inthispaper,westudytheextensionof theseconceptstotheconsistencyrequirementscalled
forwhenthequadraticcurvedbeamelementisdesignedtobeappliedinsituationswhereitmust
undergoout-of-planebendingandtorsionundertheactionofshearforces.Thecurvedbeam
elementchosenforstudyherehasthreenodes,allowingaquadraticisoparametricepresentation
1
- andificludessheardeformationaccordingtotheTimoshenkobeamtheory.Althought eexactly
integratedformofthiselementdoesnothaveseverelockingproblems,itdoeshavea lossof
accuracyandspuriousforceandmomentoscillationsif thetransverseshearstrainfieldisnot
modelledin aconsistentfashion.Theissuesinvolvedin theformulationofthisquadraticurved
beamelementarecriticallyexaminedtoshowthatwoconsistencyconditionsmustbeassuredin
describingtheconstrainedout-of-planetransversehearstrainfieldandthetermdescribingthe
curvedcentroidalxisappearinginthedenominatorf allthestrainterms.
DESCRIPTION OF ELEMENT GEOMETRY
Geometry
Figure1showsthegeometryofthegeneralbeamelement.Inordertodescribetheout-of-plane
behaviourclearly,it is necessaryto distinguishfoursetsofco-ordinatesystems.Theglobal
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FigureL Geometryof thegeneralcurvedbeamelement
Cartesiansystem(X, Y,ZanddegreesoffreedomV,V,W,Ox,°Y'Oz)istheprincipaloneinwhich
thenodalco-ordinatesandtheglobaldeformationaredescribed.Theelements rainshavetobe
determinedinalocalrunningCartesianco-ordinatesystem(x',y',z'anddegreesoffreedomv',8'x,
O~)in whichx' is assumedtobebothnormalto theelementcross-sectiona dtangenttothe
elementcentroidalxis,theplanex'-z'describestheplaneofcurvature,andy' isorthogonalto
X'_Z'andisthedirectionoftheout-of-planeaction.It isassumedforsimplicityofillustratingtheI whe
consistencyconceptsthatthey'-andz'-axescoincidewiththeprincipalaxesof inertia.It is also
necessarytointroduceanelementplanefixedCartesianco-ordinatesystem(x,y,z)asshownin
Figure1sothatthecurvaturetransformationtermscanbeprojectedbetweenthe(x,y,z)and
(x',y',z')systemsinitially,asthisgivesabetterinsightintohowtheconsistencyrequirementsof
I
:or
thecrucialstraintermsemerge.Thefourthsystemisthenaturalcurvilinearparameter~unningmto
alongtheelementcentroidalxis,andtheisoparametricdescriptionismadeintermsofthisco-
ordinate.
Globaltoelementplanetransformation
Thenodalco-ordinatesareinputintheglobalCartesiansystem(X,Y,Z).Theelementplane
fixedCartesiansystem(x,y,z)isorientedasshowninFigure1sothathex-axisliesthroughthe
nodes1and3andthex-zplaneisfixedsothatallthreenodeslieonthisplane.They-axiswillbe
orthogonaltothex-z plane.It is verysimplenowtodeterminetheorthogonaltransformation
matrixfromthe(X, Y,Z)systemto the(x,y,z)systemandviceversa,andalsotodeterminethe
co-ordinates(Xl'zd, (X2,Z2)and(X3'Z3)of thethreenodesin theelementplanesystem.For
furthersimplicity,it is assumedthatthenode2 isexactlymidwayalongthecentroidalxis
betweenthetwoendnodes othatX2=0,5(Xl +X3)and also that Z1=Z3 =O.Thispermitsa
verysimpledescriptionoftheelementgeometryandconsiderablysimplifiesourstudyoftherole
thecurvedgeometryplaysintheconsistencyaspects.
If Iii representsthedirectioncosinevectorsin thethreeorthogonaldirectionshownin
Figure2,thedirectioncosinematrixis
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I SOthatthetransformationfromglobalto elementplanerxedsystemis
{
X
} {
X
) {
OX
}
f
X)
: = [I'r 1 ;, ; ~ [P]1 : J (1)
Elementplanefixedto runninglocalsystem
ThetransformationbetweentherunninglocalCartesiansystemandtheelementplanefixed
Cartesiansystemisderivedfromthefac~thatx'isnormaltotheelementcross-sectiona dalso
tangentialothecurvedcentroidalxisandthaty'iscoincidentwithy.Thus,ifAiarethedirection
cosinev ctorshownin Figure2,wecaneasilyshowthat
{
X,.;
}(A,) ~ fi z~,
{Az} = {Jlz}
fi { -~:}
(2a)
(2b)
{A.3}= (2c)
whereD = (x:.;+ z:.;).
DESCRIPTIONOF ELEMENT STRAINFIELDS
Foracurvedbeamdesignedtorepresentout-of-planeaction,threestrainfieldshavetobetaken
intoaccount:
out-oC-planeflexure i=~,x' (3a)
~3
z
...
y '()
L
x
Figure2 OrthogonaltransformationschemesfromglobalCartesianto elementplaneCartesian(P)andfromelement
planeCartesianto localrunningCartesian(J.)
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torsion w'= O~,x'
out-of-planetransverseshear l' = {J~- V:x' (3c)
Thedisplacementfieldsareassumedto beinterpolatedusinga quadraticrepresentation
describedforfurtherconveniencein termsofLegendrepolynomialsa
v=ao+al~- all3(1- ~l) (4a)
Ox=bo+bi~- bl/3(1- 3e) (4b)
Oz=Co+CI~- cl/3(1- 3~1) (4c)
wherecoefficientssuchasai,biandCicanberelatedtonodalvaluesofv,OxandOzasao:::
(VI+4Vl +V3)/6,al = (V3- vl)/2 and a1= (VI - 2Vl+v3)/2,etc.Usingthesedisplacement
fieldsin(3a)to(3c)wegetthethreestrainfieldsexpandedintheLegendrepolynomialformas
follows.
Out-of-planebendingstrain
x'=~[2H ~(b1+2bl~)+L(CI +2Cl~)]D
Torsionalstrain
, 1
w =- [L(bi +2b1~)- 2H~(CI+2Cl~)JD
Out-of-planetransversehearstrain
, 1
Y = ji5(- v.~+ 2H~Ox+LOz)
1
= m{[- a1+2H/3b1+Lco]vD
+~[- 2al + 2H(bo+4/15b1)+Lc1]
~ 1/3(1- 3~l)[2Hb1+LC1]
- 1/5(3~- 5C)[2H bl/2]}
Of theabovestrainfields,thetransversehearis theonlyconstrainedonerequiringthe
correspondingstrainenergytovanishinthe'thin'plateregimes.Hence,itisthisstrainfieldwhich
needsthe'field-consistency'requirementstobemet.
FIELD-CONSISTENCYASPECTS
Weshallproceednowtoastudyoftheconsistencyrequirementsdemandedbytheshearstrain
fielddescribedabovetodeterminehowanassumedstrainfieldinterpolationcanbesetupinan
optimallyconsistentwayandalsoexaminetheperformanceif it includesvariousdegreesof
inconsistency.
Intheexpressionforthetransversehearstrainfieldinequation(7),consistencyisnowsough!
betweenterms uchasv.~,H~OxandLOz,andtheseareexpandedcarefullyin termsofthe
Legendrepolynomialsa shown.It shouldbenotedherethat,sincetheLegendrepolynomials
speciallydesignedtobe'orthogonal'inthedomainofGaussianquadrature,thecoefficientsofthe
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(3b)
(3c)
Legendrepolynomialsdirectlyemergeastheconstraints:
- al +2H/3bi +Lco~O
- 2a2+ 2H(bo+4/15b2)+LCI ~O
(8a)
(8b)
(8c)
(8d)
(4a)
(4b)
(4c)
2HbI +Lc2 ~ 0
2Hb2~O
(5)
inthe'thin'platelimits(sincetheassociatedshearstrainenergyisconstrainedtovanish).For a
straightbeam,withH =0,therewillbeonlythreeconstraintsandthethirdconstraintasseenin
equation(8c)is of theidenticalformseenfor thein-planetransverseheartermina straight
quadraticbeamelement.For a curvedbeam,theout-of-planeshearstrainconsistencyterms
includetwospuriousconstraints,representedbyequations(8c)and(8d).
Now,thecorrectwayof derivingthefield-consistentshearstrainfieldis to drop the
'inconsistent'Legendreterms.This procedureautomaticallysatisfiesthe orthogonalityor
variationalcorrectnessconditiondiscoveredonseekingtheequivalenceof thisassumedstrain
approachtotheminimumtotalpotentialenergyprincipleto themixedvariationalpproach
usingprinciple~likeHellinger-ReissnerorHu-Washizutheorems.5Weshallthereforeexamine
thethreepossiblevariationsthatcanbestudied:
LV =0,inwhichall inconsistenciesareretained;
LV = 1,inwhichthetwotrueconstraintsandthequadraticinconsistencyisretained;
and
LV =2,withtheassumedout-of-planetransversehearstrainhavingonlythetrueconstraints
andcorrectoalinearinterpolation.
(6)
(7) Infact,LV =2representsthevariationallycorrectandfield-consistentversionoftheelement.
Consistencyof definitionof D
Weseefromthevarioustraindefinitionssuchasequation(7)for theshearstrainand
equations(5)and(6)abovefortheflexuralndtorsionalstrainsthathegeometrytermDor ji5
appearsin thedenominator.It thereforeplaysa contributoryroleto thediscretizedstrain
interpolation.Wecanillustrateheideabyexaminingthecaseoftheshearstraininequation(7).
Notethat,whenthenumeratoris madefield-consistent(i.e.LV =2),it cansenseonlya linear
interpolationf thetermsderivedfromthenodaldegreesof freedom.However,D in the
denominatordefinesaquadraticvariationi ~.Thus,aconflictariseswherebystrainsarederived
fromthenodaldegreesof freedomup to a linearaccuracyandthesearemodifiedby a
quadraticallyvaryingtermrepresentinggeometry.Weshallseelaterthatit ismorereasonableto
restrictDalsotolinearaccuracywhentheconstrainedstrainfieldsarebeingcomputed.Wefindit
convenienttousein thisinstance
D' = £2 +4H2/3
bynotingthatD=(L2 +4H2/3)- 4H2/3(1- 3(2)andarguingthata representationupto
linearaccuracyis obtainedby omittingthequadraticLegendrepolynomialandthe term
associatedwithit.To examinethesedistinctionsclearlyinthesectiononnumericalexperiments
later,weshallconsidertwolevelsofgeometrydescription:
LG =0 whereD is used;and
LG = 1whereD' is usedforall strainfields.
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ELEMENT STIFFNESSMATRICESAT VARIOUSLEVELS the
aie
Theconstitutiveequationsrelatingthegeneralizedstresses,shearforceQ,torsionmomentTand
bendingmomentM tothestrainsdescribedabovecanbewrittenintermsofthecross-sectional
propertiesandthematerialconstants.Thesedetailsandthegeneraiderivationoftheelement
stiffnessmatricesareomittedhereastheyarewellunderstood.5
Weshall,however,examinecarefullythevariouslevelsofassumedshearstrainfieldandalso
thecorrectorderofnumericalintegrationtobeusedtoensurethatthesevariouslevelsareexactiy
integrated.WeusethenumberingsystemCB3.vgtorepresenttheelementwithassumedstrain
optionscorrespondingtotheuseofversionsLV, toensureconsistencyoftheconstrainedshear
strainfieldandtheuseofoptionLG tomaintaina 'linear'interpolationformforD in the
denominatorfthestrainfieldstounderstandtheimportanceofusingageometryrepresentation
thatiscompatiblewiththestrainapproximations.Thus,theprincipalformsthatneedveryclose
investigationare
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elementCB3.21is theoptimalelement(withLV =2andLG = I)asweshallseelater,
elementsCB3.11andCB3.01showshowthiselementbehavesif thetransversehearstrainsare
inconsistent(LV= I, 0andLG = 1),
elementCB3.20showsthedifferencesifgeometryepresentationf rDisnotcompatiblewiththe
straindefinitions(LV =2andLG =0).
Weseethat,foroptionLV=0,theshearstrainfieldhasadescriptionuptocubicorderanda
4-pointGaussiani tegrationismandatorytointegratethisenergytermcompletely.Wetherefore
adopta 3-pointruleforallotherenergytermsanda4-pointruleforthetransversehearstrain
energy.
We
m,
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A PRIORI QUALITATIVE ERROR PROJECTIONS
Earlierstudies1-5,7-9 haveshownthatin manycasesit is possibleto proceedfromthe
consistencyparadigmwithanoperationalproceduredescribed.asthefunctionalre-constitution
processtoobtainusefulestimatesforthemannerinwhichlockingwilltakeplace,errorswill
propagateasthepenaltymultipliersincreaseandhowvariousstrain/stresso cillationsare
inducc:dandhowtheirseveritycanberelatedto thepenaltyparametersetc.However,in this
problem,wefindthattheparametersdescribingthestraininterpolationsaresointricately
coupledthatitisnoteasytoisolatetheinfluencesofeachinconsistencyanduseit todeterminein
aprecisequantitativeway,theadditionalstiffeninglOinvolved.However,it will stillbeworth.
whileto identifyin a qualitativewayhowtheinconsistenciesdi turbtheunconstrainedstrain
fieldsandcausepoorerpreformanceandstressoscillationsin theCB3.11andtheCB3.01
elements.
To seetheinter-relationshipsmoredearly,it willbeusefultoexpandthestrainfieldsintenus
oftheLegendrepolynomialsfollows
1
x'=- {[Lei+4H/3b2]+~2[Hb1+Le2]- (1- 3~2)[4H/3b2]}D
ro'=~{[Lb- 4H/3c2]+~2[Lb2- HCl]- (1- 3~2)[4H/3c2]}D
(9a)
(9b)
Fromequations(7)and(8c),weobservethathespuriousconstraintgeneratedbytheshearstrain
fieldatthequadraticlevelinvolvestheconstantsb1andC2'It isthisinconsistencythatinitiates
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thequadraticosciIIatipnin theshearstrainpredictionsfroma quadraticbeamelement.3.4,9We
afenOWinterestedto seeif anyadditionalfeaturesappeardueto this.It is seeninequation(9a)
thaithelinearlyvaryingpartofthebendingstrainfieldisdeterminedbythesesameconstants.
Thus,we can arguethat,in an inconsistentformulation(i.e. in theCB3.11element),the
Aisturbanceintheconstantsbi andC2willbereflectedasanadditionalspuriouslinearoscillation.
Proceedingnexttothetorsionalstrainfieldin equation(9b),wenoticethattheconstantsbl and
C2appearin boththeconstantpartandthequadraticpart.Thus,therewillbeerrorsinboththe
representationf the constantpart of thetorsionalstrainfield andan additionalspurious
quadraticosciHation.
TheCB3.01elementhasacubicinconsistencyaswell,butthiswill playaveryinsignificantrole
comparedto theinconsistencyalreadyexcitedat thequadraticlevelandthereforethiselement
willproduceresultsthatareverynearlyidenticalto thatproducedbytheCB3.11element.
NUMERICAL EXPERIMENTS
Weshallinvestigateonlythoseversionsoftheelementneededto confirmthepredictionswehave
madein theprevioussection.To bringout theseaspectslucidlyit is necessaryto construct
suitablexampleproblemssuchas the'nearlystraight'cantileverbeamundertorsionand the
curvedbeamundershearforce.Theconvergenceof displacementsandrotationswhentheCB3.21
z
x
(9a)
(9b)
Figure3. Geometryofnearlystraightcantileverbeam
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elementswereusedwasextremelygoodandwillnotbeJreportedhere.TheCB3.11andCBlOl
elementsyieldedlessaccuratedisplacementa drotationpredictionsandthesecanbeattributed
tothelackofconsistencyintheshearstraindefinitions.Weshallthereforeconcentrateattention
onthestresspredictionsfromthevariouselementversions.
Singleelementmodelsof 'nearlystraight'cantileverundertiptorsionalmoment
A beamoflength2L=100isgivenasmallcurvaturecorrespondingtoaradiusR =1000(see
Figure3).A torsionalmomentT =1isappliedatthetipasshown.Theelasticandsection
propertieschosenareE =107,G=0,5X 107,1=0,083333andJ =0.166667.Theentirebeamis
modelledusingasingle3-nodelement.
Fromthestaticsofequilibrium,onecanobtainanestimateforthebendingmomentM~andthe
torsionalmomentM~atacross-section~forthesingleelementmodelofthecantileveras
M~=sin[(1+~)/20]
M~=cos[(1+ ~)/20]
(lOa)
(lOb)
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Figure4. Nearlystraightbeamundertorsion-torsionalmomentsalongbeam
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Figure4showsthetorsionalmomentscomputedfromequation(lOb)andcomparesitwiththe
predictionsfromtheCB3.21,CB3.1landCB3.01idealizations.ItisseenthattheCB121element
givespracticallytheexactanswers.However,thetwoinconsistentelementsgaveanswerswhich
areconsiderablyatvariancefromthecorrectanswers.A veryclosexaminationoftheresults
revealedthatheinconsistencyintheshearstrainfieldexcitedisturbancesintheconstantpartof
thetorsionalstrainfieldandintroducedanadditionalspuriousquadraticoscillationsothatthe
differencescanbedescribedfortheresultshownonFigure4as
M~(CB3_11)= M~(CB3_21)- 1/600- 1/600(1- 3e)
Thesechangesareexactlyaswehadanticipatedearlierin ourerrorprojections.
Figure5showstheout-of-planebendingmomentsM~-Again,theCB3.21modelperforms
correctly.Thefield-inconsistentversionsshowalargelinearoscillationthatcompletelyreverses
thecorrecttrendof bendingmomentdistribution.Theseobservationsagainconfirmthe
predictionsmade arlier.
Figure6describesthequadraticoscillationsintheshearforceobtainedfromtheCB3.11and
theCB10l models.Theadditionalcubicoscillationsexpectedin thelattermodelaretoo
insignificanttoberepresentedhere,showingthatthepredominanti consistencyisthequadratic
one.
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Figure5. Nearlystraightbeamundertorsion-out-of-planebendingmomentsalongbeam
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Figure 6. Nearly straight beamunder torsion-shear force along beam
Curvedbeamundershearforce
Figure7showsacurvedbeamformingthequadrantofacircle.Theradiusofarcofthecircleis
5'0andtheelasticand sectionpropertiesremainexactlyasfor theexampleabove.An out-of-
planetransverseshearforceP is appliedatthefreeend.
Figure8showsthebendingmomentsobtainedfroma oneandtwoelementidealizationofthe
curvedbeam.Theconvergenceis verygoodfor the CB3.21models.Also shownis thepoor
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Figure 7. Curvedcantileverbeamwith out-of-planetransverseshearforce
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Figure 8.Curvedcantileverbeamunderout-or-planetransverseshearload-bendingmoment
behaviourseenwiththeinconsistentelement.Thereisanoticeableshiftinthepredictedbending
momentsduetothedisturbanceinthelinearcomponent.
Figure9showsthepredictionsoftorsionalmoment.TheCB3.21modelsconvergerapidlyto
thecorrectanswers.In thiscase,theinconsistentelementsalsoyieldcorrectanswers(notshown
here).
Figure10demonstratesheimportanceofintroducingaconsistentrepresentationofDasfar
thedenominatorofthestrainfieldsareconcerned.TheshearforcesfromaCB3.21andaCB3.20
modelshowthattheformerecoverstheconstantvalueofshearforcecorrectlywhilethelatter
introduces'a'quadratic'typevariationthatcanbetracedtotheDtermin thestrainfield.Thus,it
ismoreappropriateousethesmoothedrepresentationofDtointerpretthestrainsderivedfrom
thenodaldisplacementsandrotationswhenthestressesarereported.Alsoshownforcom-
pletenessaretheactualquadraticshearforceoscillationstriggeredoffbythefield-inconsistency
intheCB3.11andtheCB3.01elements.
CONCLUSIONS
In thispaper,wehaveexaminedtheconsistencyrequirementsdemandedbytheout-of-plane
transversehearstraindefinitionfora curvedbeambendingandtwistingunderout-of-plane
loads.Theforceoscillationsthatresultif inconsistenciesarenotremovedarepredictedandare
confirmedusingnumericalexperimentation.Theoptimalformof representationf theshear
strainfieldis derivedandis showntohavesuperioraccuracyandconvergencein itsabilityto
recoverthecorrectforcefields.
-.n.- .--. .. ' "--"'-
"0
.
08
EI 0 0
I
0,6
442 B. P. NAGANARA Y ANA AND G. PRA THAP
THEORY
x I C83.21ELEMENT
. 2 CB321 ELEMENT
0,8
x
0
0 45 90
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